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Abstract 

We generalize the Serre-Swan theorem to non-commutative C*- 
algebras. For a Hilbert C*-module X over a C*-algebra A, we in- 
troduce a hermitian vector bundle Ex associated to X. We show that 
there is a linear subspace Tx of the space of all holomorphic sections 
of Ex and a flat connection D on Ex with the following properties: (i) 
Tx is a Hilbert ,4-module with the action of A defined by D, (ii) the 
C*-inner product of Tx is induced by the hermitian metric of Ex, (hi) 
Ex is isomorphic to an associated bundle of an infinite dimensional 
Hopf bundle, (iv) Tx is isomorphic to X. 
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1 Introduction 

The Serre-Swan theorem [SJ 1151 116j is described as follows: 

Theorem 1.1 Let Q be a connected compact H aus dor ff space and let C(£l) 
be the algebra of all complex-valued continuous functions on f2. Assume that 
X is a module over C(Q). Then X is finitely generated projective iff there 
is a complex vector bundle E over £1 such that X is isomorphic onto the 
module of all continuous sections of E. 

By Theorem 11.11 finitely generated projective modules over the commuta- 
tive C*-aigebra C(f2) and complex vector bundles over ft are in one-to-one 
correspondence up to isomorphism. In non-commutative geometry |f>l 117] . 
a certain module over a non-commutative C*-algebra A is treated as a non- 
commutative vector bundle over the non-commutative space .4, generaliz- 
ing Theorem 11.11 in a sense of point-less geometry. Therefore both a non- 
commutative space and a non-commutative vector bundle are invisible even 
if one desires to look hard. 



1 Original paper |11|. The essential mathematical statement is same as before. 
2 e- mail : kawamura® kurims . kyot o-u . ac.jp. 
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On the other hand, for a unital generally non-commutative C*-algebra 
A, the functional representation on a certain geometrical space is studied 
by |3]. We review it as follows. 

Definition 1.2 A triplet (V,p,B) is the uniform Kahler bundle associated 
with A if V (= VuveA) is the set of all pure states of A, endowed with 
the w* -uniformity, i.e. the uniformity which induces the w* -topology, B (= 
Spea4 ) is the spectrum of A, the set of all equivalence classes of irreducible 
representations of A, and p is the natural projection from V onto B by the 
GNS representation. 

For each b £ B, the fiber Vb = p l ip) is a Kahler manifold (Appendix D 
in [3]). Especially, if A is commutative, then V = B and it is a compact 
Hausdorff space. In this case, each fiber of (V,p,B) is a O-dimensional 
Kahler manifold. Define C°°(V) the set of all fiberwise-smooth complex- 
valued functions on V . The product * on C°°('P) is defined by 

l*m = l-m + V-LX m l (l,meC°°(r)) (1.1) 

where X\ is the holomorphic part of the complex Hamiltonian vector field 
of I with respect to the Kahler form on V. Then C 00 (7-') is a * algebra 
with the unit 1 and the involution * by complex conjugation, which is not 
associative in general. Define the subset C™(V) of C°°(V) consisting of 
uniformly continuous functions on V. 

Theorem 1.3 For a unital non-commutative C* -algebra A, the GeVfand 
representation 

f A {p)^p(A) (A G A, peV), (1.2) 

gives an infective * homomorphism f from A into C°°('P) where C°°('P) is 
endowed with the * -product in The norm || • || on f(A) defined by 

\\l\\ = sup | {1*1) (lef(A)), (1.3) 

is a C* -norm on the associative * subalgebra f(A). 

Furthermore f(A) is precisely the subset K, U {V) of C^°(V) defined by 

fC u (V) ={l€ C™(V) : 1*1,1 *l€ C?(V), D 2 l = D 2 l = 0} (1.4) 

where D, D are the holomorphic and anti-holomorphic part, respectively, of 
covariant derivative of Kahler metric defined on each fiber of V . In conse- 
quence, the following equivalence of C* -algebras holds: 

A = K U {V). 
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Proof. See Proposition 3.2 in [I]. 



By Theorem ll.3l it seems that there exists a geometry consisting of points as- 
sociated with not only a commutative C*-algebra but also a non-commutative 
one. According to Theorem 11.31 we introduce a representation of a Hilbert 
C*-module as the sections of a vector bundle over V . 

A vector space X is a Hilbert C* -module E] over a C*-algebra A if 
X is a right .A-module with an ^.-valued inner product (-|-) which satisfies 
{r)\£a) = {r]\£)a for each 77, £ £ A and a £ A, and X is complete with respect 
to the norm || • || defined by ||£|| = ||((|0|| 1/2 for (el 

Definition 1.4 The triplet (£x,T\.x,V) is the atomic bundle associated with 
a Hilbert C -module X over a unital C -algebra A if it is the fiber bundle 
with the base space V and the total space Ex'- 

£x = (J £ x, P 
pev 

where Tlx is the natural projection from Ex onto V , and the fiber £x,p for 
p € V is the Hilbert space defined as follows: Define the quotient vector 
space £ x p = X/N p where N p is the closed subspace of X defined by N p = 
{(el: p(||£|| 2 ) =0}- Define the inner product (-|-) p on £ x by 

mMp) P ^p(m) m P Mp££°x, P ) (i-s) 

where [£] p = ( + N p £ £ Xp for ( G X. Let £-x,p denote the completion of 
£ x by the norm \\ ■ \\ p associated with {'\-) p . 

We show the property of £x- Let TL denote a complex Hilbert space 
with 1 < dvoiTi < 00. A triplet (S(H), fJ,,V(TC)) is the Hopf (fiber) bundle 
over TL if the projective Hilbert space ViTi) and the Hilbert sphere S(TC) are 
defined by 

V(H) = (W\{0})/C x , S(H) = {z e H : \\z\\ = 1} (1.6) 

and the projection \x from S(7i) onto V(7i) is defined by fj,(z) = [z] for 
z G S(H). 

Theorem 1.5 For b £ B (= SpeaA), let TL^ be a representative of b, £\ = 
ir x \V h ) and Yl b x = Yl x \ £b . Then {£ b x ,U b x ,V b ) is a locally trivial vector 
bundle which is isomorphic to the associated bundle of (S(Hb), fj,,V(7ib)) by 
a certain Hilbert space F x . 
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One of our aims is a geometric realization of a Hilbert C*-module. We 
illustrate the two-step fibration structure of the atomic bundle as follows: 




Uniform Kahler 
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Next, we reconstruct X from Ex- Define the space of bounded sections 



V{£x) = {s : V — ► Ex \ ° s = id-p, \\s\\ < 00} 
where the norm || • || is defined by 

= sup[|a(/>)|| p . (1.7) 

By standard operations, T(£x) is a complex linear space. By Theorem 11.51 
we can consider the differentiability of s E T(Ex) at each S-fiber in the 
sense of Frechet differentiability of Hilbert manifolds. Denote r oo ( ( Sx) the 
set of all i?-fiberwise smooth sections in T(Ex)- Define the hermitian metric 
H H2| on Too by 

H p (s,s') = (s(p)\s'(p)) p (p £ V, s, s £ Too(£x))- (1.8) 

By these preparations, we state the following theorem which is a version of 
the Serre-Swan theorem generalized to non-commutative C* -algebras. 

Theorem 1.6 Let A be a unital C -algebra with (V,p,B) in Definition 
I j.M / in and /C U ("P) in \ l.J$ . Let X be a Hilbert A-module with 

(Ex ,V) in Definition \1.4\ and H in Then the following holds: 
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(i) Let X x V be the trivial bundle over V and define the linear map 
(P X )* from T(X x V) to T(£ x ) by {(P X )*(s)}(p) = [*(p)]p for s E 
T(X x V), p € V. Define the subspace Tx ofT(£ x ) by 

r x = (PxUr C onst(x xv)) 

where T cons t(X x V) is the set of all constant sections of XxV . Then 
any element in Tx is holomorphic. 

(ii) There is a flat connection D on £x such that Tx is a Hilbert 1C U {V)- 
module with respect to the following right *- action 

s*l = s-l + V^lD Xl s {(8,1) € T x x JC U {V)) (1.9) 

and the C* -inner product H\y xX y x . 

(iii) Under the identification K, U (V) with A by f , the Hilbert A-module Tx 
is isomorphic to X. 



Here we summarize correspondences between geometry and algebra. 
Gel'fand representation Serre-Swan theorem 
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where we call respectively, CG = commutative geometry as a geometry asso- 
ciated with commutative C*-algebras, and NCG = non-commutative geom- 
etry as a geometry associated with non-commutative C*-algebras according 
to jSj. In this way, NCG's are realized as visible geometries with points. 

In § |21 we review the Hopf bundle and the uniform Kahler bundle. In 
§ 12.31 we review jl] more closely. In § |3J we show Theorem 11.51 In § 21 we 
prove Theorem 11.61 

2 Hopf bundle and uniform Kahler bundle 

2.1 The Hopf bundle and its associated bundle 

We review the Hopf bundle and its associated bundle. Let S = (S(Ti.), /j,, V(H)) 
be the Hopf (fiber) bundle over a Hilbert space TL in p.fij) . The space S(TL) is 
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a real submanifold of TL in the relative topology. We give ViTL) the quotient 
topology from TL \ {0} C TL by the natural projection. Then fj, is continuous 
and open. 

We define local trivial neighborhoods of the Hopf bundle according to 
Appendix C in 0]. For h G S(TL), define 

f V h = {[z] €P(H) : (h\z) ^0}, TL h ={zeTL:(h\z) = 0}, 

(2-1) 

[ P h :V h ^TL h ; &([*]) = (hlz)- 1 ■ z - h {[z] G V A ). 

On the holomorphic tangent space T p V(TL) at the local coordinate (V/i, (3h-,TLh) 
and Ph(p) = -2) we define the Kahler metric g and the Kahler form to on ViTL) 
by 

9z{v,u) = w z ■ (v\u) - w 2 z ■ (v\z)(z\u), g z {u,v) = g z (v,u), 

uj^(v,u) = V— 1{— w z ■ (v\u) + w\ ■ (v \z)(z\u)}, uj^(u,v) = —uj^(v,u) 

for v,u G Hft where w 2 = 1/(1 + ||z|| 2 ) and x G means the dual vector 
of x G 7ih- Then ViTL) is a Kahler manifold with the holomorphic atlas 
{(V/u/3/i, T~Lh)}heS('H)- F° r £ G C 00 (V(TC)), define the holomorphic Hamilto- 
nian vector field X[ of I by the equation 

u Jp ((X l ) p ,Y p ) = d p l(Y p ) (Y p eT p V(H), P eV(H)) (2.2) 

where 5 is the anti-holomorphic differential operator on C°°('P(7i)) and 
TpViTi) denotes the anti-holomorphic tangent space of V{TL) at p G ViTL). 

The family {Vft,}/,, e ,s(ft) is a system of local trivial neighborhoods for S 
by the family {iph}heS(H) of ma P s defined by ip h : ^ _1 (V/ l ) -> V/j x £7(1); 

Vfc(z) = ([*], Mz) = {z\h) ■ \{h\z)\- 1 . (2.3) 

Furthermore we can verify that S is a principal [/(l)-bundle. 

Assume that F is a complex vector space. The fibration F = ( S(TL)xjj^ 
F, ttf, ViTL) ) is called the associated bundle of S by F if S(TL) x u(i) F ^ s the 
set of all C/(l)-orbits in the product space S(TL) x F where the [/(l)-action 
is defined by 

(z, f) ■ c = (cz, cf) ( c G U(l), (z, f) G S(TL) xF), 

and the projection ttf from S(TL)X{jmF onto V(TL) is defined by 7rp([(x, /)]) 
//(.;■; where we denote [(x, /)] the element in S(TL) Xy(i) ^ containing (aj, /). 
The topology of S(Tt) Xym is induced from 5(H) x F by the natural 
projection. 
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For h G S(H), the local trivialization ipF,h of F at Vh is defined as the 
map ip Fjh from ^(V^) to V h x F by 

fe([(^/)D= /)])), «[(*,/)]) = (2-4) 

The definition of ^ijy, is independent of the choice of (z, /). 

2.2 Connection 

Let F = (S(7i) Xu(i)F, vrp, V(7i)) be the associated bundle of the Hopf 
bundle S by F in S I2.11 Let r^F) be the linear space of all smooth sections 
of F. A connection on F is a C-bilinear map D from 3c(V(7i)) x r oo (F) to 
roo(F) which is C°°(P('H))-linear with respect to X(V(H)) and satisfies the 
Leibniz law with respect to r^F): 

D Y (s ■l) = d Y l-s + l-D Y s (Y G X(V(H)), s G roo(F), I G C°°(V(H))). 

For Y G X(V(H)), h G S(H) and p G Vh, we denote Y p h the corresponding 
tangent vector at p in a local chart. Assume that a connection D on F is 
written as 

D = d + A. 

According to the notation at the local chart, we obtain families {A Y p : Y G 
X(P(H)), h G S(H), p G V ft } of linear maps on F such that dy\p + ' A Yp = 
(dy + Ay)p = (d + A) Y p - Then we can verify that D is a connection on F 
if and only if the following holds for each h, h' G S(7i) with < h\h' >^ 0: 

A ".' = -\WTK) +A ".' (^nv„) (2.5) 

where Y is a holomorphic tangent vector of V(H) at p which is realized on 
H h > and z = h '(p). 

A connection D on F is flat if the curvature R of F with respect to D 
defined by #y, z = [D Y , D z ] - D [Y , Z ], (Y, Z G X(V(H)), vanishes. 

Proposition 2.1 For h G S'('H) and the chart (Vh, Ph,T~Lh) at p £ V(TL) in 
\2.1\) . we consider the trivializing neighborhood Vh for the Hopf bundle. For 
Y G XiViTL)), define the operator Dy on r 00(F) by 

(D Y s)(p) = (dys)(p) + (A Y>p s)(p) (p G V(Tt)) 

where Ay, p is defined as the family {A Y p ■ h G S(7i), p G Vh} of linear 
operators on F at (Vh, @h,T~(-h) > by 

, h _ 1 (Ph( P )\Y p h ) 
Ay >p v = -2 1 + \W-(^ ' V {V£F) - 
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Then this defines a flat connection D on F. 

Proof. We can verify (|2.5|) for {j4y p }. Hence D is a connection. Further- 
more it is straightforward to show that the curvature of D vanishes. | 

2.3 Uniform Kahler bundle 

We show a geometric characterization of the set of all pure states and the 
spectrum of a C*-algebra according to [I]. 

Definition 2.2 A triplet (E, M) is called a uniform Kahler bundle if E 
and M are topological spaces and \x is an open, continuous surjection from 
E to M such that (i) the topology of E is induced by a given uniformity, (ii) 
each fiber E m = p~ l {m) is a Kahler manifold. 

The local triviality of uniform Kahler bundle is not assumed. In general, 
the topological space M is neither compact nor Hausdorff. 

For uniform spaces, see Chapter 2 in [2]. Two uniform Kahler bundles 
(E, //, M) and (E ,fi ,M ) are isomorphic if there is a pair eft) of a uniform 
homeomorphism (3 from E to E and a homeomorphism (ft from M to M , 
such that fi of} = (ftofj, and any restriction /3| At -i( rri ) : — > (fi )~ l ((ft(m)) 
is a holomorphic Kahler isometry for any m G M. We call (/?, (ft) a uniform 
Kahler isomorphism from (E,fj,,M) to (E ,fj, ,M ). 

Let (Hb,TTb) be an irreducible representation of A belonging to b G B. 
Then /) G Vb corresponds [x p ] G V(7ib) where p = (xp\7Tb(-)x p ). Define the 
bijection r b from Vb onto V{TLb) by 

r 6 (p)^[x p ] (pGn)- (2.6) 

Then Vb has a Kahler manifold structure induced by r b . Furthermore the 
following holds. 

Theorem 2.3 (i) For a unital C -algebra A, let (V,p,B) be as in Defi- 
nition and assume that B is endowed with the Jacobson topology 
Jj^| /. Then (V,p,B) is a uniform Kahler bundle. 

(ii) Let Ai be a C* -algebra with the associated uniform Kahler bundle 
^PiiPii Bi) for i = 1,2. Then Ai and A2 are * isomorphic if and 
only if (V\ , p\ , B\ ) and ^P^iVii^'i) are isomorphic as uniform Kahler 
bundle. 
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Proof, (i) See PIU. (ii) See Corollary 3.3 in gj. | 
By Theorem 12 .31 (ii), the uniform Kahler bundle i(P,p,B) associated with A 
is uniquely determined up to uniform Kahler isomorphism. 

By the above results, we obtain a fundamental correspondence between 
algebra and geometry as follows: 

unital commutative C*-algebra 4=> compact Hausdorff space 

n n 

unital generally non-commutative 44> uniform Kahler bundle 

C*-algebra associated with a C*-algebra 

The upper correspondence above is just the Gel'fand representation of uni- 
tal commutative C*-algebras. By these correspondences, we show the in- 
finitesimal version of the Takesaki duality of Hamiltonian vector fields on a 
symplectic manifold [TO] . 

3 Proof of Theorem 11.51 

In this section, we construct the typical fiber F x of £x in Theorem II . 51 and 
show the isomorphism among vector bundles. 

In order to construct the typical fiber F x of £x, we define the action 
T = (*>x) °f the group G = U{A) of all unitaries in A on {£x,^-x-,'P) as 
follows: The action x of G on the base space V is defined by 

Xu (p) = poAdu* {ueG, P £V). 

The action t of G on the total space Ex is defined by 

It is well-defined on the whole Ex- We see that T = (t,x) is an action 
of G on (^,Ilx,P) by bundle automorphism. This action also preserves 
S-fibers (£ x ,U b x ,V b ) for each be B. 

For b G B, let (H, tt) be a representative of b. We identify Vb with ViTi) 
by Tb in (|2.6|) . Furthermore we identify tt(u) with u for each u G G. For 
the atomic bundle (£ x , U x , Vb) and the Hopf bundle (S(TL), Pb^b) m (EH), 
define their fiber product £ b x x-p b S(7i) by 

4 x Vb S(H) = {(x,h) G £ b x x 5(H) : n^(x) = 
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Thus the action o~ b of G on £ b x x-p b S(7i) is defined by 

a b u (x,h) = (t u (x),TT b (u)h) ((x,h) G £ b x x Vb S(H\ueG). 

Define 

F b x the set of all orbits of G in £ b x x Vb S(H) 

and let 0(x,h) 6 be the orbit of G containing (x,h) G fj^ Xp t S(7i). 
We see that 0(0, /i) = {(0, h'):h'e S(H)}. We introduce the Hilbert space 
structure on F x as follows: For h G SiTL), define the sum and the scalar 
product on F x by 

aO(x, h) + bO(y, h) = 0(ax + by, h) (a, beC,x,ye £ x ). 

Then this operation is independent in the choice of x, y and h. For h G S(TC), 
define the inner product (-|-) on the vector space F x by 

(0(x,h)\0(y,h)) = (x\y) p (x,y G £ b x ) 

where p = Pb(h). Then (0(x,h)\0(y,h)) is independent in the choice of 
x, y, p and h. For /io G S(7i) with pb(ho) = p, define the map R p from £x, P 
to F x by R p (x) = 0{x, ho) for x G £x,p- Then i? p is a unitary from <?x,p to 
F x for each p G TV In this way, .Fy is a Hilbert space. 

We introduce the Hilbert bundle isomorphism in Theorem ll.51 Let = 
(S(H) F^, vr Fi) , V(H) ) be the associated bundle of (S(H), p b , V(H)) 

by F b x . 

Lemma 3.1 Any element of S(7i) XjjmF x can be written as [(h,0(x,h))] 
where 0(x,h) G F x . 

Proof. By definition of the associated bundle in § 12.11 an element of S(Tt) x [/m 
F x is the C/(l)-orbit [(h,0(y,k))]. Because (W,7r) is an irreducible repre- 
sentation of A, the action of G on S(7i) is transitive. By this and definition 
of 0(y, k), there is u G G such that h = uk and (t b u {y), h) G 0(y, fc). Denote 
x = t u {y). Then fc) = 0{y, k). Hence [(/i, k))] = [{h, 0{x, h))]. | 

Proof of Theorem \1.5\ By Lemma 13. 11 we shall denote 

[M] = G S{H) x u(1) F b x (h G S{H), x G 4). 

Define the map <Z> b from £^ to S(H) x u{1) F b x by 

$> b (x) = [h x ,x] (xe£ b x ) 
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where h x G p^ 1 (n b x (x)). By definition of F x , the map <£ b is bijective. We 
obtain a set-theoretical isomorphism ($ b ,r 6 ) of fibrations between (£ x , 
Vb) and F b x such that any restriction $> b \e x of at a fiber £x,p is a unitary 

from £x, P to tt~1 (p) for /? G T^. This unitary induces the Hilbert bundle 

x 

isomorphism from (£ x ,H x ,Vb) to F x . I 



4 Proof of Theorem 11.61 

Let us summarize our notations. Let A be a unital C*-algebra with the 
uniform Kahler bundle (V,p,B) and let X be a Hilbert C*-module over A 
with the atomic bundle £x = {£x,Rx,'P). 

Fix b G B and assume that (H, tt) is a representative of b. For the 
Hilbert space Tt, let {(V^, /%, TLh)}heS(H) be as in (|2.1j) . For p G V^, define 
the vector in W by 

fi>{i + ||^(p)|| 2 }- 1/2 -{^(/o) + M- 

Then p = (Q, p \ir(-)Q p ) and (/i|f^p) > 0. We prepare two lemmata to prove 
Theorem II. HI 

Lemma 4.1 For s G r(£x)j assume that there is a family {£ p £X:p£ T 3 } 
sitc/i i/iat s(p) = G £x,p f or each p G V and we identify £ x with 

S(TL) Xc/m F^ ^2/ Theorem 11.51 Let z = (5h{p) for h G S(TL) such that 
p G Vh- Define w z = 1/(1 + ||.z|| 2 ) and let <p F)h be as in \2.J$ for F = F x . 
Then the following equations hold: 

( e | <j> F , h {s{P)) ) = y/™~z- <nj K((C' + h)), (4.1) 

dy<l>F,h{.s{p)) = 0([d Y i p + UK^ p -2~ 1 w z (z\Y))] p , h) (4.2) 
/or e = 0([£] >,h) G F| where Ky p £ A is defined by 

n(K$ iP )(h + z)=Y (4.3) 

and [dy£p]p G £ X , P is defined by ([rj] p \ [d Y ip)p) P = p(0y(v\^p)) f or [v]p e 
£x, P - 

Proof. By definition, we have that cj)F,h{s{p)) = c z> h • 0([£ p ] p ,z) where 
c z , h = (z\h)-\{h\z)\- 1 . We have 

(e|^( S ( P )))=c^(0([C'y,/ i )|0([g p ,z p )). 
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Let !i£G such that it(u*)z = h = n h ,. Then 0([£ p ] p , z) = 0{[£ p u] p > , ir(u*)z). 
By this, 

(o(iz'} p ,,h)\o([z P } p ,z p )) = (n h pf \M(C\^ b (u)n h pf ) = (n h pf \^'\^)) Zp ). 

Because z p = Ch, z Q p , (|4.1() is verified. 
By (gjlj), we get 

( e | d Y <p FA (s(p)) ) = ^Ur z ■ [(n h pl \7c(dy (g\t p ))(z + h)) + (ty\ir((£\Zp))Y)] 
-2-^w 3 J 2 -(n h pl \^'\^))(z + h))(z\Y). 

Hence we obtain (|4.'2|l . I 

For (el, define the section of £x by s^(p) = [£\ p for p £ V. Then 
ll s f II = IICII f° r every (el. Define the linear isometry \1/ from X into r(£x) 
by 

Lemma 4.2 (i) For eac/i ( 6 I, ^(0 belongs to Fooftx) and is holo- 
morphic. 

(ii) According to Theorem 51 define the connection D on Ex by the one 
in Proposition ] 2. 1\ at each fiber. Let * be as in U.ty) with respect to D. 
Then * f A = * (£ • A) for £ £ X and A G A. 

Proof. Let p £ Vb for b £ B. Choose as a representative for b an irreducible 
representation (Ti.,n). Fix /i G S(H) and, using the notations in (|2.4|l . take 
the local trivialization ^f,/i of the Hopf bundle at (Vh, f3h,T~ih) with p G V/j. 
Let js = (3 h {p) £ H h and w 2 = 1/(1 + ||z|| 2 ). 
(i) Applying (|4,2|) for s = s^, we obtain 

dy<f>F,h( a t(p)) = 0{[d Y i + ^K^ p - 2^w z ■ (z\Y))] p , h). (4.4) 

Owing to (]4.3[) . the right-hand side of (|4.4I) is smooth with respect to z. 
Hence s^ is smooth at V b for each b £ B. For po £ T'bj we can choose 
£ 5(7^) such that po = (^oK(O^o)- Then Ph (Po) = 0- According to the 
proof of Lemma 14.11 we have 

( e | </> FM (p)(sz(p)) ) = fij? | vr((e' + h ) ) 
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for z = Ph {p), P £ Vh . For an anti-holomorphic tangent vector Y of TV 
we have 

Sy^h (s C (p)) = 0([-2-V(Y|z> -£] p , fc) 

from which follows dy(f>F,h(p) (s^(p))\ z=Q = 0. We see that the anti-holomorphic 
derivative of sg vanishes at each point in TV Hence sg is holomorphic. 
(ii) For z G H/j, we have 

{/A o Z?- 1 }^) = ^ • ((z + /z)|tt(^)(^ + h)). 

Then the representation Xj a of the Hamiltonian vector field Xf A of Ja at 
(Vh,Ph,'Hh) is 

(x£j 2 = -^T{vr(,4)(z + h) - (h\ir(A)(z + + h)} (z G 
If we take Zi such that Ph(po) = 0, then it holds that 

(X h fA ) Q = -V=l{7T(A)h - (h\7T(A)h)h}. 

The connection D satisfies (v\(D Xf s)(po)) po = d P0 ((v\s(-)) P0 )(Xf A ) for 
v G £x, P0 and s G r oo(«?x)- Hence we have (D XfA s^(p ) = [£a XfA ,o] PO 
where ax fA ,o £ A satisfies that 

7T(a XfAfi )h = X fA = -V=T(7r(A) - (fc|7r(A)/i) )/». 

Therefore we have y/^-L(Dx f 8£)(po) = S£a(Pq) — s $(Po)fA{po) from which 
follows 

(H * /a)(po) = «$(po)/a(A)) + v^TC-Dx^ae)^) = s ?a(/?o)- 
Therefore we obtain the statement. I 

Finally, we come to prove Theorem II. 61 

Proof of Theorem \l.b\ (i) By definition, we see that Tx = ^(X). Therefore 
the statement follows from Lemma 14.21 (i). 

(ii) Because T x = ^(X), K U (V) = f(A) and Lemma IQ1 (ii) for D, the 
linear space Tx is a right fC u (V)-iJiodule. 

Because p«£|f')) = f{t\?)(p)> we see that #(*(0> *(£')) = %') G 
K. U (V). Hence H(s,s) G IC U (V) for each s,s G Tx- For £,77 G X and 
^4 G A, we can verify that H p { s v , * f a ) = {H(s v , s%) * /a}(p) where we 
use Hp (^(^),*(r/)) = p((Ck>) for £,rj £ X and p £V. Hence s' * Z) = 
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H(s, s ) * I for each s,s £ Tx and I £ JC U (V). From the property of the 
A- valued inner product of X and by the proof of Lemma 14.21 (i). we obtain 
||-ff(s, s)!! 1 / 2 = ||s|| for each s £ Tx where the norm of H(s,s) is the one 
defined in (jl.3f) . Hence the statement holds. 

(iii) Because H )) = the map ^ is an isometry from X 

onto Tx- Rewrite module actions <j> and ^onl and Tx, respectively, by 

<I>($,A) = £A, il>(a,l) = 8*l (£ € X, A e A, s e T x , I e K U {V)). 

Then we obtain that tp o x /) = o <f> by Lemma 14.21 (ii). Hence the 
statement holds. I 

Acknowledgement: The author would like to thank Prof. Izumi Ojima 
and Takeshi Nozawa for a critical reading of this paper. We are also grateful 
to Prof. George A. Elliott for his helpful advice. 

Appendix 

A Example of uniform Kahler bundle 

Example A.l Assume that 7i is a separable infinite dimensional Hilbert 
space. 

(i) Let A = C(TC) be the C*-algebra of all bounded linear operators on 
H. The uniform Kahler bundle of A is (V(H) UP_,p, 2^ U {b }) 
where ViTL) is the projective Hilbert space of TL, V- is the union of 
a family of projective Hilbert spaces indexed by the power set of the 
closed interval [0, 1] and {60} is the one-point set corresponding to the 
equivalence class of identity representation (Ti.,idc(H)) of on TC. 
Since the primitive spectrum of C(H) is a two-point set, the topology 
of 2I * 1 ] U {60} is equal to { 0, 2I - 1 ], {6 }, 2^ U {b } } 8 . In this way, 
the base space of the uniform Kahler bundle is not always a singleton 
when the C*-algebra is type /. 

(ii) For the C*-algebra A generated by the Weyl form of the 1-dimensional 
canonical commutation relation U(s)V(t) = e^~^ st V (t)U (s) for s,t £ 
R, its uniform Kahler bundle is (V(H),p, {lpt}). The spectrum is a 
one-point set {lpt} from von Neumann uniqueness theorem 

(iii) The CAR algebra A is a UHF algebra with the nest {M2«(C)} n gN- 
The uniform Kahler bundle has the base space 2 N and each fiber on 
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2 is a separable infinite dimensional projective Hilbert space where 
2 N is the power set of the set N of all natural numbers with trivial 
topology, that is, the topology of 2 N is just {0, 2 N }. In general, the 
Jacobson topology of the spectrum of a simple C*-algebra is trivial 8 . 
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